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HHHAMHHECKAH OBPATHAH 3AHAHA TEOPHH 
nPEHCTABJIEHHH H HEKOMMYTATHBHAtf TEOMETPHH 

Hemic B. K)pL.eB 



ZtHHaMH^ecKaa o6paTHaa 3afla^a TeopHH npe^CTaBJieHHe, nocTaHOBKa KOTopoe 
BomoflHT k KJiaccH^ecKoe pa6oTe E.BnrHepa 06 onpe^ejiHeMOCTH KOMMyTa- 

IIHOHHMX COOTHOm GHHG Ha KBaHTOBOMexaHHXeCKHe BejIHMHHbl no KBaHTOBBIM 

ypaBHeHHHM flBHsceHHH, npoHJiJiiocTpHpoBaHa Ha npocTeernHx npuMepax. 



o . 

TeopHH npe^CTaBJieHHe hmcgt no MeHbinee Mepe ,HBe ctopohbi, cznaa H3 hhx 
CBH3aHa c npsrMoe 3adanee meopuu npedcmae/ieHue, 3a^,a^ee onncaHHa npe,n- 
CTaB jighhg 3a^;aHHoro aJireSpaHMecfcoro oSbefcra. By^yMH b neJiOM 3aBep- 
nieHHoe .hjih KJiaccn^ecKHx ajireSpaHMecKHx o6i>gktob (ajireSp h cynepaji- 
re6p JIh) 9Ta npoSjieivraTHKa BCTynnjia b o^epcuHoe peHeccaHc, Bbi3BaHHBie 
OTKpBiTHGM 3Ha^HTGJiBHoro MHCJia HOBbix ajireSpaHMecKHx CTpyKTyp B coBpe- 
MeHHoe KBaHTOBoe TeopHH nojia (kb aHTOBBie rpynnti, ajireSpbi 3aMOJio,zn-ffl- 
KOBa, onepaTopHbie ajireSpbi KBaHTOBoe TeopHH nojia h hx pa3HOBH,a,HOCTH, 
VF-ajire6pBi h hx oSoSmeHHH, KaTeropnH 6op^;h3mob h niJiee(f)Bi KOHeMHOMep- 
hbix h SecKOHe^HOMepHBix rpynn, roMOTonHMecKHe ajireSpbi JIh, ajireSpbi 
BaTajiHHa— BHJiKOBbicKoro h t.r.). BTopaa CTopoHa CBH3aHa c o6pamHoe 3ada- 
nee meopuu npedcmaejienue: no HMeiorrieecH coBOKynHocTH onepaTopoB onn- 
caTB " KoppeKTHBie" ajireSpaHMecKHe oSteKT, hmh npe^CTaBJiaeMbie (cM.Hanp. 
[1]). 9Ta sa^a^a ^onycKaeT h Sojiee o6m;ee pacrrmpeHHoe to jikob aHHe (cm. 
[2])- 

P a3 jiHMHBie HJiJiHDCTpau,HH k oSpaTHoe 3a/ia^ie TeopHH npe^CTaBJieHHe, a 
Taiofce ee cbh3b c HeKOMMyTaTHBHoe reoMeTpnee [3], paccMaTpHBajiHCB b [4,1]. 
BejiB ^aHHoe paSoTbi — bbimjichhtb " ^HHaMHMecKyio" napajuiejib k oSpaTHoe' 
3a^;aMe, Bocxo^aniyro k KJiaccH^ecKoe paSoTe E.BHmepa [5]. 

ZbiHaMHMecKaa o6paTHa$i 3a,zi;a*ia TeopHH npe^CTaBJieHHe (3a,n;a*ia Bur- 
Hepa). Hjih 3a^;aHHoe chctcmbi onepaTopHbix .ziHcf^epeHnHajiBHBix ypaBHeHHe 

(*) ^Xi(t) = MXiV) ■ ■■X n {t)) (1 < % < n) 

Hae™ ajireSpan^ecKHe o6i.eKT 21, nopojK^eHHbie reHepaTopaMH h o^Hona- 
paMeTpHMecKyro rpynny ~f t aBTOMop(|)H3MOB 21 TaKHe, mto npn jikdSom (Ha#- 
jieataniHM o6pa30M onpe^ejieHHOM) onepaTopHOM npcucTaBJieHHH T ajireSpa- 
H^ecKoro o6i.eKTa 21 rpynna 7$ onpe^ejiaeTca cncTeMoe ypaBHeHHe (*), kojib 
ckopo T(ei) = Xi(0). 



AjireSpaEraecKHe o6i.eKT 21 mo>k6t Sbitb acconnaTHBHoe ajireSpoe nojiHHO- 
MHajibHoro pocTa, xoth h .npyrne BapnaHTBi bo3mo>khbi (HanpHMep, napacTa- 
thcthkh [5,6] hjih cooTHOHiGHHH b H30TonnM6CKnx napax [7,8]). B .najiBHee- 
nieM, o^,HaKo, yKa3aHHBie bo3mo>khocth He 6y,nyT paccMaTpHBaTBca. 

IIpaKTHMecKH HaHSojiBniHe hh Tepee npe^CTaBJiaiOT SecKOHe^HBie chctcmbi 
onepaTopHBix ypaBHeHHe, OTBeMaionrHe HejiHHeeHBiM onepaTopHBiM ypaBHe- 
hhhm b ^acTHBix npoH3Bo^HBix kb aHTOBoe TeopHH nojia (Hanp. ypaBHeHH- 
hm caeH-rop/iOH hjih JlHyBHJiJia, paccMaTpHBaBniHMca c yKasamioe tomkh 
3peHHH b Ka^ecTBe xapaKTepHBix npnMepoB jieHHHrpa^cKoe niKOJioe aKa^;. JI.H.$a,zmeeBa 
b paMKax KBaHTOBoro MeTO.ua oSpaTHoe 3a,naMH, rpynnoe H3 BBicniee Hop- 
MajiBHoe IIIkojibi b IIapH>Ke no^ pyKOBo^CTBOM npo(f).)f{.-JI.)f{epB9, KOJiJieK- 

THBOM OT^eJia KBaHTOBOe TeopHH nOJIH B HHCTHTyTe CTeKJIOBa B MocKBe). 

0^,HaKo, c MeTo^ojiorHMecKoe tomkh 3peHHH nejiecoo6pa3Ho paccMaTpHBaTB 
h KOHe^HBie cHCTeMBi onepaTopHBix ypaBHeHHe, OTBeMaionrHe o6bikhob6hhbim 

,AH(f)<|)epeHHHaJIBHBIM ypaBHeHHHM KBaHTOBOe MexaHHKH. 

Onpe^ejieHHe 1. JJunaMUHecKUM oceo6ootcdeHueM CKpumux cuMMempue Ha- 
3BmaeTca conocTaBJieHHe 3a,naHHoe cncTeMe onepaTopHBix ,a;H({)(f)epeHnHajiB- 
hbix ypaBHeHHe (*) napBi (21, 7t), r^e 21 - - acconnaTHBHaa ajireSpa, nopo>K- 
^eHHaa reHepaTopaMH ei, . . . e n TaK, hto OTo6pa>KeHHe cHMMeTpH3an,HH Beejia 
w : S'(H) i — ^ 21 (H = span(ei, . . . e n )) aBJiaeTca H30Mop({)H3MOM jiHHeeHBix npoc- 
TpaHCTB , a 7( - - o^HonapaMeTpHMecKaa rpynna aBTOMop(|)H3MOB ajireSpBi 21 
TaKaa, mto npn jiioSom onepaTopHOM npe^CTaBJieHHH T acconHaTHBHoe aji- 
reSpBi 21 rpynna 7$ onpe^eJiaeTca CHCTeMoe (*), kojib CKopo T(ej) = Xi(0). 
HHHaMHMecKoe ocBoSoK^emie CHMMeTpne Ha3BiBaeTca zaMiuibmoHoeuM, ecjin 
cymecTByeT TaKoe gjieMeHT h ajireSpBi 21, mto cncTeMa (*) npHBo/iHTca k BH/ry 
%X i = [H,X i ] (H = T{h)). 

C ajireSporeoMeTpHMecKoe tohkh 3peHna ,a,HHaMHMecKoe ocBo6o>K^;eHHe 
ckpbitbix CHMMeTpne saKJiio^aeTca b HHTepnpeTanHH 3a^;aHHoe chctcmbi one- 
paTopHBix /i,H(f)(f)epeHnHajiBHBrx ypaBHeHHe KaK noTOKa (^HHaMHMecKoe chc- 
TeMBi) Ha HeKOMMyTaTHBHOM ajireSpan^ecKOM MHoroo6pa3HH [3]. HeoSxo- 
,h,hmo 0TM6THTL , hto b OTJiH^He ot KOMMyTaTHBHoro cjiy^iaa ^aHHaa HHTep- 
npeTanna He aBJiaeTca TpHBHajiBHoe h caMoo^ieBH^Hoe. 3aMeraM TaK>Ke, mto 
^HHaMHMecKHe CHCTeMBi Ha HeKOMMyTaTHBHBix MHoroo6pa3Hax B03HHKaiOT ec- 
TecTBeHHBiM o6pa30M h b paMKax HeKOMMyTaTHBHoe ,HH(f)(f)epeHnHajiBHoe reo- 
MeTpHH AjiaHa KoHHa [9] . 

Otmgthm, mto HHTepnpeTan;Ha kb aHTOBoe KOH(f)opMHoe TeopHH nojia, TecHO 
CBa3aHHoe c ynoMaHyTBiMH BBinie ypaBHeHHaMH KBaHTOBOe TeopHH nojia, KaK 
SecKOHeMHOMepHoe HeKOMMyTaTHBHoe reoMeTpnn SBiJia ^;aHa aBTopoM b pa- 
6oTe [10]. O/naaKo, no^epKHeM, hto b KOHKpeTHBix KBaHTOBono JieBBix sa^a^ax 
3aMacTyio HcnojiB3yiOTca aeeonHaTHBHBie ajireSpBi 21 c 4»HKCHpoBaHHBiM Ha- 
SopoM 9 jieMeHTOB ei tskhx, hto T{ei) = -^Q(O), ho He nopo>K^i,aeMBix hmh. 
KaK npaBHJio, b Ka^iecTBe ajireSpBi 21 ynoSHO paccMaTpnBaTB ajireSpBi Beejia 
ot K09(j)(j5HnHeHTOB cboSo^hbix nojiee (t.h. npedcmaejienue ceo6odnux no/iee), 
yHHBepcajiBHBie oSepTBiBaioniHe ajireSpBi ajireSp Kana-My^H hjih HeKOTopBie 
hx g-,ne(f)opMan.HH. TeM caMBiM no/ioSHBie KOHCTpyKiiHH aBJiaiOTca ecTecTBeH- 

HBIMH aJIBTepHaTHBaMH ^HHaMH^ieCKOMy OCBoSoJK^eHHIO CKpBITBIX CHMMeTpHe 

npn penieHHH /iHHaMHMecKoe oSpaTHoe 3a^;aMH TeopHH npe^CTaBJieHHe. 
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PaccMOTpHM npocTeeniHe npHMepbi .zpiHaMHMecKoro ocBoSoK^eHHH cKpti- 

TL.IX CHMMGTpHG . 

IIpHMep 1 (n = 2, fi h ji - - jiHHeeHbie (^yHKipni). B stom cjiy^ae cncTeMa 
(*) HMeeT bh^;: 

^-X = aX + bY 
at 

^-Y = cX + dY 
at 



Be3 orpaHHMeHHfl oShthocth mtokho chhteitl , mto MaTpnn;a A 



a b 
c d 

npHBe^eHa k >Kop,a,aHOBoe HopMajiBHoe (f)opMe. IlycTL. MaTpnua A .zpiaro 
AO 



HajibHa: A= ( ^ ^J. CncTeMa (*) 3anHCBiBaeTCH KaK 

ByneM HCKaTB coothohi6hhh Ha X h Y b BH^e [X, Y] = f(X, Y), ri\e /(X, Y) = 
^ i>0 ^ J>0 aijX i y j . YcjioBHe coxpaHeHHH ^HHaMHKoe y Ka3 aHHBix cooTHonie- 
HHe HMeeT bh/j 

( A + /*) E E °y = E E a ^ ( zA + ja*)^' 

i>o j>0 i>0 j>0 



HJIH 

£ e mm* - !) + ^ - 1))^^' = o. 

i>0 j>0 



KaK CJie^CTBHe, K09(f)(f)HIi;HeHTBI ajj OTJIHHHBI OT HyJIfl tojibko ,h,jih Tex ! H j, 

^jih kotopbix BBipa>KeHHe A(z — 1) + — 1) oSpaniaeTCfl b HyjiB. 
Bo3mo>khbi nflTL cJiy^aeB: 

1) EcJIH A H /X HeCOH3MepHMBI, HJIH A H /i COH3MepHMBI, O^HOTO 3HaKa H 
A / jU, TO [X, Y] = OlXY HJIH, HHBIMH CJIOBaMH, XF = (jfYJf (cOOT- 

HonieHHH /iBBiMepHoe kb aHTOBoe njiocKocTH [3]). 

2) Ecjih A = /i, to [X, Y] = aX 2 +/3XY + 7Y 2 (ajireSpa c KBa^paTH^HBiMH 
cooTHonieHHHMH, nopo>K,zi;eHHafl ^ByMa o6pa3yioiLi,HMH [3,11,12]). 

3) Ecjih A = 0, \x ^ 0, to [X, Y] = P(X)Y, hjih, hhbimh CJIOBaMH, YX = 
R(X)Y (ajireSpbi no^oSHoro Tnna paccMaTpHBajiHCB b [11,12,13]). 

4) Ecjih A + fi = 0, to 1,7] = J2k>o a kX k Y k . 9tot cjiyMae OTBe^aeT 
KJiaccHMecKoe sa^a^e BnrHepa [5] 06 o^H03HaMHocTH BoccTaHOB jieHHH 

KB aHTOBBIX KOMMyTaiTHOHHBIX COOTHOIIieHHe no ypaBHeHHHM KBaHTOBOe 

/IHH aMHKH . B ^acTHocTH, ^aHHBie cjiy^iae BKJiioMaeT t.h. q — KOMMyTa- 
n;HOHHBie cooTHonieHHH XY — qYX = 1 (cm. Hanp. [14]). 

5) Ecjih A h fx coH3MepHMBi, A = lv, fi = mis, I < 0, m > 0, I + m ^ 0, to 
[X,Y]=J2 k>0 a k X 1+km Y 1 - kl . 



OtMGTHM, ^TO AHHaMHMeCKOe OCBo6o>K,ZI6HH6 CKpL.ITL.IX CHMMGTpHG HBJIH6T- 
Cfl raMHJIL.TOHOBL.IM JIHHIB B CJiyMaG KaHOHHMeCKHX KOMMyTaLLHOHHBIX COOT- 

holhghhg, hbjihiolllhxch no^cjiyMaeM cjiy^aa 4, h jihhgghbix KOMMyTaiLHOHHBix 
coothohighhg, hbjihiohlhxch no,zicjiyMa6M cjiy^an 3 c R(x) = 1. 

IlycTB TenepB MaTpniia A hmggt bh/j HGTpHBHajiBHOG >Kop,ziaHOB06 kjigtkh 

H3y^HM, Kor^ia cyniecTByeT ^HHaMH^ecKoe ocBo6o>K,neHHe ckpbitbix 



A 

chmmgtphg c ajireSpoe 21, 3a^iaBaeMoe jihhgghbimh hjih kb a,zip uthhhlimh kom- 

MyTaLLHOHHBIMH COOTHOLU6HHHMH Ha TGHGpaTOpBI. CHCTGMa (*) HMGGT BH/i: 

§t t = xf + * 

1) IIpH A 7^ hg cyniGCTBycT ajircSpBi 21 ^HHaMHMGCKH ocbo6o>k,zi6hhbix 

CKpBITBIX CHMMGTpHG C JIHHG 6HBLMH KOMMyTaiLHOHHBIMH COOTHOLUGHH- 
HMH Ha TGHGpaTOpBI. 

2) KBa^ipaTHMHBIG KOMMyTaiLHOHHBIG COOTHOHIGHHH B aJITcSpG 21 flHHclMH- 
MGCKH OCBOSOJK^GHHBIX CKpBITBIX CHMMGTpHG npG^ICTaB JIHIOTCH B BH/je 

=aY 2 . CoOTBGTCTByiOniGG ^HHaMHMGCKOG OCBo6o>K,ZI6HH6 CKpBI- 
TBIX CHMMGTpHG HG HBJIH6TCH raMHJIBTOHOBBIM. 

IIpHMep 2 (n = 2, fi H f 2 0,ZLHOpO,ZLHBI6 KB a^ip aTHMHBIG (j)yHKLLHH) . CHCTGMa 

(*) HMGGT BH/J: 



dt 1 

|-y = dX 2 + e^P^ + fY 2 
dt z 



H3y^HM, Kor^a .ziaHHaa CHCTGMa oncpaTopHBix ypaBHGHHG ^onycKaGT ,aHHa- 

MHMGCKOG OCBo6o>K,Zi;6HH6 CKpBITBIX CHMMGTpHG C aJITcSpOG 21, OnpG,H6 JIHIOHLHG 
KOMMyTaiLHOHHBIG COOTHOHIGHHH KOTOpOG O^HOpO^HBIG JIHHGGHBIG HJIH KBa^ipa- 
THMHBIG (|)yHKILHH, a TaK>KG KOT,Zia .ZLHHaMHMGCKOG OCBoSoJK^GHHG CKpBITBIX CHM- 
MGTpHG HBJIHGTCH raMHJIBTOHOBBIM. 

1) CncTGMa oncpaTopHBix ypaBHGHHG (**) /(onycKaGT flHHaMHMecKoe oc- 

Bo6o>K,ZI6HH6 CKpBITBIX CHMMGTpHG C aJITcSpOG 21, OnpCZLG JIHIOILLHG KOM- 
MyTaiLHOHHBIG COOTHOHIGHHH KOTOpOG JIHHGGHBI, TOT^a H TOJIBKO TOT^a, 

Kor^ia 

' ac + bf + f 2 = 
a 2 + ae + df = 

IIpH 9tom [X, Y] = aX + (3Y, h hmggt mgcto nponopiLHH a: (3 = —a : 

f. HHHaMHMGCKOG OCBo6o>K,ZI6HH6 CKpBITBIX CHMMGTpHG raMHJIBTOHOBO , 

H — pX 2 + q XY + YX -\- r y 2 h hmggt mgcto nponopiLHa p:q:r = df :af :ac. 

CHCTGMa OnGpaTOpHBIX ypaBHGHHG (**) /(OnyCKaGT .ZLHHaMHMGCKOG oc- 
Bo6o>K,ZI6HH6 CKpBITBIX CHMMGTpHG C aJITcSpOG 21, OnpG^G JIHMHLH6 KOM- 
MyTaiLHOHHBIG COOTHOHIGHHH KOTOpOG KB a,Zip aTHMHBI , TOT^a H TOJIBKO 
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Tor^a, Koiyia a: d = b: e = c: / '. IIpH stom [X, Y] = aX 2 + (3 ~t + 
7I" 2 , h HMeiOT MecTO nponopiLHH a:d:a = b:e:f3 = cifij. HHHaMH^ec- 
Koe ocBo5o>*c^;eHHe ckpl.itl.ix CHMMeTpHe raMH jibtohobo , H = pX + qY 
h p:q = —a:d = —b:e = —c:f. 

O TM6THM , MTO CHCTGMa (*) .ZIOnyCKaeT ^HHaMH^eCKOe OCBo5o>K^;eHHe CKpBI- 
TBIX CHMM6TpHG KaK C JIHHeeHBIMH, TaK H C KBa,ZipaTHMHBLMH Onpe^e JIflIOILl,HMH 

KOMMyTau,HOHHBiMH cooTHoineHHHMH b ajireSpe 21, ecjiH b = —(a + c), d = a, 
e = b, f = c. JiHHeeHbie cjiy^iae 3a^aeTca cooTHonieHHHMH [X, Y] = aX + bY h 

raMHJIBTOHHaHOM H = |(X + y) 2 , KBa^ipaTH^IHBie COOTHOHieHHHMH [X, Y] = 

aX 2 - (a + c) *^t?* + cY 2 h raMHJiBTOHHaHOM H = X - Y. 

HHTepecHBie bo3mo»chocth B03HHKaiOT b cjiy^ae chctgmbi H3 Tpex onepa- 
TopHbix #H(h(f)epeHHHajiBHBix ypaBHeHHe c JiHHeeHoe hjih kb a .zip uthmhoc npaBoe 
MacTBio, o^HaKo, oh He co^iep>KHT H/ieojiorHMecKH HH^ero npHHirHnnajiBHO 
hoboto, ecjiH orpaHH^HBaTBca ajireSpaMH 21 ^HHaMH^ecKH ocBo6o>K,zieHHBix 

CKpBITBIX CHMMeTpHe C JIHHeeHBIMH HJIH KB a,Zip aTH^IHBIMH nepeCTaHOBOMHBLMH 

cooTHonieHHHMH Ha reHepaTopbi. 

OtMCTHM, t^TO H npH JII060M KOHeMHOM n HCCJie^OBaHHe BC-3MOJKHOCTH ,zlh- 
HaMHMeCKOrO OCBoSoK^eHHH CKpBITBIX CHMMeTpHe, OnHCBIB aeMBIX JIHHeeHBIMH 
HJIH KBa^paTH^IHBIMH nepeCTaHOBOMHBIMH COOTHOHieHHHMH, B CHCTGMclX 71 One- 

paTopHBix ^H(|)(|)epeHLi;HajiBHBix ypaBHeHHe c JiHHeeHoe hjih kb a .up eithmho e npaBoe 
MacTBio cbo^htch k Bonpocy o cymecTBOBaHHH HeTpHBHajiBHBix penieHHe nepe- 
onpe^ejieHHBix cncTeM JiHHeeHBix ypaBHeHHe c nocjie,ziyioHiee npoBepKoe tojkagctb 
HkoSh h He npe^CTaBJiaeT TeoperaMecKHx hjih bbf-ihc JiHTe jibhbix TpyzLHOCTee 
b OTJiHMHe ot cjiy^aa chjibho He JiHHeeHBix nepecTaHOBo^iHBix cooTHomeHHe 
(cm. [12]). 
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